The aim of this paper is to introduce a new approximate method, namely the Optimal Parametric Itera- 
Introduction
We consider the nonlinear differential equation called the Thomas-Fermi equation for the electron density around the nucleus of an atom which may be written as
with the boundary conditions
This equation is also frequently used for calculating form factors and for obtaining effective potentials which can be used as initial trial potentials in self-consistent field calculations. Because of the singularity at = 0, it is known that the solution of the Thomas-Fermi equation is very sensitive to the value of the first derivative at = 0, which ensures a smooth and monotonic decay of the solution from 1 at = 0 to 0 at = ∞. Approximate solutions of the Thomas-Fermi equation were proposed using different techniques such as the numerical solution given by Kobayashi [1] , some variational approaches [2] [3] [4] , a numerical integration technique [5] , a monotone discretization technique [6] , δ-expansion method [7] , a modified decomposition method and Pade approximants [8] , the homotopy analysis method [9] [10] [11] [12] , the Green's function method [13] and some quasi-linearization techniques [14] . The main concern of all these works was to derive an approximate analytical solution to Eq. (1) and to determine a high accurate value for the initial slope of the potential (0). The importance of the initial slope (0) is that it plays a major role in determining the energy of neutral atom in the Thomas-Fermi approximation.
where Z is the nuclear charge.
In recent years, a growing interest toward the application of iterative techniques in nonlinear problems has appeared in science and engineering. J.H. He proposed the variational iteration method via a Lagrange multiplier [15] and some modifications of this method were also reported [16] . Mickens [17] proposed an iteration scheme for a nonlinear problem described as
where ( ) is an odd function. The original Mickens procedure is given as
where (ω ) = ω 2 − ( ), ω is the a priori unknown frequency and 0 ( ) = A cos ω is the input of the starting function. Lim et al. [18] proposed a modified iteration schemë
with the inputs of starting functions as −1 ( ) = 0 ( ) = A cos ω , where g = ∂ ∂ . Later, Marinca and Herișanu [19, 20] proposed a new iteration method by combining Mickens' and He's iteration methods. In this paper we propose a new iteration procedure, namely the Optimal Parametric Iteration Method (OPIM), to find analytical approximate solutions to Thomas-Fermi equation (1) with the initial conditions (2) . This new iterative approach containing a new iteration scheme involves the presence of a finite number of initially unknown parameters, which are optimally determined later. In the construction of the iteration scheme, the nonlinear function appearing in the nonlinear equation describing the problem under study is replaced by the corresponding truncated Taylor series along with some auxiliary functions which contains the unknown parameters. These unknown parameters are determined in a rigorous way through a computational procedure based on a least square technology and therefore the approximate result rapidly converges to an accurate solution. Alternatively, other methods could be employed in order to obtain the optimal values of these parameters, such as the collocation method or the Galerkin method. The efficiency of our procedure is proved since an accurate periodic solution is explicitly and analytically obtained in this case after only one iteration. The approximate solution obtained through this new approach rapidly converges to an accurate solution. The paper is organized as follows: section 2 briefly presents the proposed method, section 3 is an application of the proposed method which consists in numerical examples, and the paper ends with section 4 presenting some conclusions.
Formulation and solution approach
Eq. (1) can be written in the form
which can be rewritten in the more general form
where
is a nonlinear function. Applying the well-known Taylor's theorem for any real values 0 0 α and β, we have
where F = ∂F ∂ . In our procedure, we consider the following functions: (11) where λ and C 1 C 2 C are unknown constants at this moment and and are positive integers. We therefore can construct the following iteration formula
where the initial approximation 0 and the functions α( ) and β( ) are given by Eq. (11) and takes on the positive integers 0 1 2 . If we consider = 1 = 3 = 6 and the functions: (15) then for = 0 into Eq. (2), we obtain
From Eqs. (9) and (13) we obtain
Substituting Eqs. (17), (18) and (19) into Eq. (16) we obtain
From Eq. (20) we obtain the first-order approximate solution of Thomas-Fermi equation
The parameters λ and In this way the solution (21) in the first approximation is well determined.
Remark 2.1.
The parameters λ and C , can also be identified using various methods, for example the collocation method, the least squares method, the Galerkin method and so on.
Remark 2.2.
The initial approximation u 0 and the functions α( ) and β( ) are not unique. We can consider other expressions for y 0 , α( ) and β( ), such as:
and so on, with the constants λ and C 1 C 2 C 9 , which can be determined in the same way from Eqs. (24).
Remark 2.3.
Eq. (1) can be written as
In this case, the initial approximation and the functions α( ) and β( ) can be chosen in the form
We underline that the basic ideas of the proposed procedure are the construction of the new iteration scheme (12) and the involvement of the constants C 1 C 2 , which are optimally determined, providing a rigorous way to control the convergence of the solution.
Numerical examples
In order to demonstrate the effectiveness of the proposed method, we follow the procedure described in the previous section and use the solution analytically obtained in (21) and Eq. (24) to find numerical results λ =0 8142096804743827
From Eqs.
(30) and (22), the coefficients
A B C D E F G and H are determined as follows:
A =2 7581329751336514
In this way, the first-order approximate solution (21) of Thomas-Fermi equation is well determined. From Eq. (21) we obtain
From Eqs. (31) and (32), the approximate initial slope 1 (0) becomes
and therefore the energy neutral atom given by Eq. (3) is well determined. Kobayashi [1] gave the numerical result for the same problem as 1 (0) = −1 588071. A comparison between different approximations of the initial slop 1 (0) is presented in Table 1 . It is clear that the present result for the initial slope is better than those given by Liao's method [9, 10] .
Order of approximation
Liao [10] Liao [9] Present work (first-order approximation) given by Eq. (21) is compared with the 60th-order approximation obtained by Liao [9] . From Fig. 1 it can be seen that the solution obtained through the proposed procedure (after only one iteration) is nearly identical with the 60th-order approximation of the series solution obtained by means of the homotopy analysis method for the same problem.
To the best of our knowledge, it is the first time then such an explicit analytic approximate solution to the ThomasFermi equation is given. Some series solutions were reported [9] [10] [11] [12] , without providing an explicit analytical solution in the traditional meaning of the word "analytical". 
Conclusions
In this paper a new iteration procedure, namely the Optimal Parametric Iteration Method (OPIM), is employed to propose a new analytic approximate solution for the Thomas-Fermi equation. The proposed procedure is valid even if the nonlinear equation does not contain small or large parameters. This method provides us with a simple and rigorous way to control the convergence of the solution by means of the constants λ C 1 C 2 , which are optimally determined. Very good approximations are obtained in only a few terms. The proposed procedure provides a very good solution after only one iteration, unlike Liao's solutions [9, 10] which converge upwards after 60th-order of approximation. The proposed solution and Kobayashi's solution [1] are both higher that Liao's [9, 10] in terms of the initial slope. Besides, the present solution is an explicit analytic approximate solution and to the best of our knowledge this is the first explicit analytic approximate solution reported in the literature to the Thomas-Fermi equation. This new iterative approach proves to be very rapid, effective and accurate and this is proved by comparing the solution obtained through the proposed method after only one iteration with the solutions obtained by means of the homotopy analysis method. For more complicated problems, if the results obtained through OPIM after the first iteration are not satisfactory, the iteration process can continue to get better results. This is not the case in this paper since after only one iteration we get an error less than 10 −5 for the initial slope, which is excellent.
The technique presented in this work can be easily applied to handle other strongly nonlinear problems, including systems with damping. This paper shows one step in the attempt to develop a new nonlinear analytical technique in the absence of small or large parameters.
